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Transient (time dependent) conduction:

The Lumped Capacitance Method: Temperature distribution is spatially uniform

- Eom = En

or

. 7y =y dl
hA(T = Ta) = pVe

Introducing the temperature difference
0=T~-T,
and recognizing that (d6/dt) = (dT/dt) if T, is constant, it follows that

ch@____

hA, di o

Separating variables and integrating from the initial condition,
for which ¢t = 0 and T(0) = T,, we then obtain

Ve ] !
- @=—fdf
hA;Jg 6 0

where
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ch] ﬁf_r
hA, "0

or

0, T,—T, p pVe

The quantity pVc/hAs may be interpreted as thermal time constant expressed as

Total energy transfer occurring up to time t ! !
9y gup Q=J'qdf=hAiJ‘ﬂdr
0 ]

Substituting for & t
Q= (pVc)o;| 1 —exp| — T,
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Validity of the Lumped Capactance Method:

The surface energy balance for this situation;

(T~ T2 = BAT,, ~ T

Tjil— Lz:(UkA):Rm:h—L:B‘
T,,— Tm (1/RA)  Regn -

Where Bi is the Biot number, defined as the
T..h  ratio of the conduction resistance to
T T convection resistance.

L_. Bi << | Bi = | Bi > |
= T=TU) T="Tk1 T=Tkx 1)

Transient temperature distributions for different Biot numbers in a plane wall
symmetrically cooled by convection.
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hL. -
Bi = i < 0.1 Validity of LCM
L. = V/A,

e L.=L fora plane wall of thickness 2L
e L.=2r, for long cylinder
e L= 3r, for sphere

Returning to the basic equation, time multiple term hAs/pVc rearrange as

0, T,—T, p pVe
With L = V/A:
h“lsf_ At hL¢£i_ thﬂ‘f
pVe pcL.  k P€p2 k!
or
hA ,
Ve = Bi - Fo
where
I 4
F =§
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Example problem:

A thermocouple junction, which may be approximated as a sphere, 1s to be used for
temperature measurement in a gas stream. The convection coefficient between the
junction surface and the gas is # = 400 W/m? - K, and the junction thermophysical
properties are k = 20 W/m - K, ¢ = 400 J/kg - K, and p = 8500 kg/m’. Determine
the junction diameter needed for the thermocouple to have a time constant of | s. If
the junction is at 25°C and is placed in a gas stream that is at 200°C, how long will
it take for the junction to reach 199°C?

Leads
T.=200°
h = 400 W/m?K Thermocouple | k = 20 W/m*K
junction ¢ = 400 J/kgK
el T,=25°C p = 8500 kg/m?
-
JP—. "
 Gas i le—D —|
3
_ 1 . pmD
" hwD* 6
6hT 2,
_bhar, 6 X400 W/m”-K X 15 — 706X 10~*m 4

PC 8500 kg/m> X 400 J/kg - K

_ h(r/3) _ 400 W/m? -K X 3.53 X 10™*m
k 3X20W/m-K

Bi =235x 107"

Time required to reach 199 °C;
p(wD16)c T,—T, pDc. T, —T,
e h(mwD?) I =, = %6n "T-T,
. 8500 kg/m* X 7.06 X 107*m X 400 J/kg - K 1y 25 = 200
6 X 400 W/m* - K 199 — 200
t=52s=757, <
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Example problem:

Stainless steel ball bearings (p = 8085 kg/m?, k = 15 W/mK, C = 480 [ /kgK, and a = 3.865 X 1078 m'/s)
having a diameter of 1.8 ¢m are 10 be quenched in water. The balls leave the oven at a uniform temperature of 900
°C and are exposed to air at 30 "C for a while before they are dropped into the water. If the temperature at the
center of the balls is not to fall below 850 °C prior to quenching and the heat transfer coefficient in the air is /30
W/m’ K, determine how long they can stand in the air before being dropped into the water.

D={,8 cmz= O .OIEm

To = 30°C. P i, U
T = 700°C i h Fo -‘——_Q =0.009
T(6)=350°C S e

h=Isewi/mtk (o

gi:hre = 150 k0,009 _ 0,09 ~— 003404 LCM 2/
3k 3.5 o 2

Te=rhete e(’)(-&' Te.) , (y\ _7:_—_7;—: - Bifo

T -Te J B
i e | 350 =30 ¢, 820
T‘—Q:—-— L= — 700-30 — h g 30 - ‘{.WS
B 003 6,03
o A e
G |
4:- |"°7'. ‘;‘—U e ('0'007)1 ' '793 T (O,OQC/)I.( 157?3- 'DG
e 4«10 °3.565 9« 3865
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Spatial effects:

For the case when Bi > 0.1 LCM is not applicable and spatial effects are needed
to be taken into account.

Returning to basic equation for Cartesian system

#T_ 14T
axt @it
Nx,0) =T,
7X | —p
aT|  _ -
k5| =HTLY-T.]

T=TxtT,T..L ka,h

H* EE: T_ TW
HI E_Tm
4‘—*=£
L
t* EE_;E Fo
70" a0"

ax2 dFo
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' (x*.0) =1

f?H* — 0

f?ff* x*=0

Oo| =-Bie*.r)
dX  x=1

6* = fix*, Fo, Bi)

Approximate (one-term) solutions:

Case | Temperature distribution Energy transfer
Plane 0% = C,exp (—{1Fo) cos (£,x¥) Q_ | = sin, 0
wall Q, £y

. i . Q 20,
Cylinder | g* = C exp (—=L3Fo)Jy(,r¥) 0" | — —g,—fltg'd

n |
] 0 305
Sphere | g% = C exp (—(iFo) L sin (£,r™) 0. I = o [sin({}) — £ cos ()]
1 o |

Here Qo is the initial energy of the wall relative to the fluid temperature as flows

Q,=pcV(T,— T.,)

0, is to be determine for x, = 0 at centerline temperature distribution as

6; = Cyexp(—{iFo)
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Plane Wall Infinite Cylinder Sphere
G G G
Bf (rad) G (rad) G (rad) C,
0.01 0.0998 1.0017 0.1412 1.0025 0.1730 1.0030
0.02 0.1410 1.0033 0.1995 1.0050 0.2445 1.0060
0.03 0.1723 1.0049 0.2440 1.0075 0.2991 1.0090
0.04 0.1987 1.0066 0.2814 1.0099 0.3450 1.0120
0.05 0.2218 1.0082 0.3143 1.0124 0.3854 1.0149
0.06 0.2425 1.0098 0.3438 1.0148 0.4217 1.0179
0.07 0.2615 1.0114 0.3709 1.0173 0.4551 1.0209
0.08 0.2791 1.0130 0.3960 1.0197 0.4860 1.0239
0.09 0.2956 1.0145 0.4195 1.0222 0.5150 1.0268
0.10 0.3111 1.0161 0.4417 1.0246 0.5423 1.0298
0.15 0.3779 1.0237 0.5376 1.0365 0.6609 1.0445
0.20 0.4328 1.0311 0.6170 1.0483 0.7593 1.0592
0.25 0.4801 1.0382 0.6856 1.0598 0.8447 1.0737
0.30 0.5218 1.0450 0.7465 1.0712 0.9208 1.0880
04 0.5932 1.0580 0.8516 1.0932 1.0528 1.1164
0.5 0.6533 1.0701 0.9408 1.1143 1.1656 1.1441
0.6 0.7051 1.0814 1.0184 1.1345 1.2644 1.1713
0.7 0.7506 1.0919 1.0873 1.1539 1.3525 1.1978
0.8 0.7910 1.1016 1.1490 1.1724 1.4320 1.2236
0.9 0.8274 1.1107 1.2048 1.1902 1.5044 1.2488
1.0 0.8603 1.1191 1.2558 1.2071 1.5708 1.2732
20 1.0769 1.1785 1.5994 1.3384 2.0288 1.4793

“Bif = L/ for the plane wall and fir./k for the infinite cylinder and sphere. See Figure 5.6.

i
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Plane Wall Infinite Cylinder Sphere
G 1 G
Bf (rad) G, (rad) G (rad) C,
20 1.0769 1.1785 1.5994 1.3384 2.0288 1.4793
3.0 1.1925 1.2102 1.7887 1.4191 2.2889 1.6227
1.0 1.2646 1.2287 1.9081 1.4698 2.4556 1.7202
5.0 1.3138 1.2402 1.9898 1.5029 2.5704 1.7870
6.0 1.3496 1.2479 2.0490 1.5253 2.6537 1.8338
70 1.3766 1.2532 2.0937 1.5411 2.7165 1.8673
8.0 1.3978 1.2570 2.1286 1.5526 1.7654 1.8920
9.0 1.4149 1.2598 2.1566 1.5611 2.8044 1.9106
10.0 1.4289 1.2620 2.1795 1.5677 2.8363 1.9249
20.0 1.4961 1.2699 2.2881 1.5919 2.9857 1.9781
30.0 1.5202 1.2717 2.3261 1.5973 3.0372 1.9898
40.0 1.5325 1.2723 2.3455 1.5993 3.0632 1.9942
50.0 1.5400 1.2727 2.3572 1.6002 3.0788 1.9962
100.0 1.5552 1.2731 2.3809 1.6015 3.1102 1.9990
S 1.5708 1.2733 2.4050 1.6018 3.1415 2.0000

*Bi = hL/k for the plane wall and fr,/k for the infinite cylinder and sphere. See Figure 5.6.

Example problem:
A concrete [p = 2300 kg/m Co =880 )/kg/K and k = 2,5 W/mK ) slab of thickness 20 cm having uniform
tempetature of 55 °C is suddenly subjected to an airstream at 10 °C. (alm:!ate the temperature in the
concrete slab at a depth of 7 cm after 1 hour for the cases when:
aj The subjected air stream represents.a very mild wind { h ¢ 2 W/m°K)
b) The subjected air stream represents a relatively strong wind {(‘h = 100 W/m )

2 2:3 - L=0,46m
‘()d | |
} I ~
TZ"?‘”P(“B"HT okt L ke LIl | Tl 55
i i i ES (’(PL" ' s |

2L iz3foun
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T 2.5&36_02‘_‘_
2300x880% (0,1)*

Fo = 0.444
T—Te-exp(0,05¢0.444) =0, %5 , T=Te +(12-T¢) - 0,965
=Ty lj}m t(55—10) -0, 965
h T=53,43°C]
b) &i=hL. *051»91-:470,‘
D)

: X
G 2646, Ci= 12283 yxt= Lo 3
X

-0,%
*) —Te — ¢ .oxp (-€6°T) .cos( )
R=Tr L % i ﬁ"

TCre) = 10+45%1,2289 -G’)((JT—— (12646) " (0.444)*] cos (03414
[T =35.45%]

Example problem:

Ina pr¢ducuon facility, 6 cm-thlck lal ge brass plates (k =100 W/mK p- 8530 kg/m

Cp= 380 J/kgK, and a=30. 85 x10°° m?/s) that are initially at a uniform temperature
of 25°C are hcated by passmg thcm through: an oven maintained at 700°C Takmg
thé convection heat transfer coeﬁicrent to be h=1000 W/mzK stermme, (a) the
‘time required to reach the temperature of the layer 1 em below the: surfacc to 400°C

| and (b) the rcqulred energy pu' unit surface area of the plate for thxs process.
: andce '70()"('3 ;

S bem e
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Example problem:

- A steel sphere (p = 8000 kg/m Cp =480 J/kgK, k=20 WmK, ¢.=3 9x10“ m?/s)of. diameter-3-em is initially at
450 °C. It i is. subJectcd to a two step cooling. process At stcp L, steel  sphere is cooled in air at 15 °C wnth a._
" convection heat transfer coefficient of 25 W/m’K until the center temperature reaches 350 °C. Second step is
“initiated 1mmed1ately and steel sphere is cooléd ina well- btll‘l‘ed water bath at 20 °C with a convection heat transfer
coefﬁcnent of 1200- W/m’K until the center tcmperature -reaches 40 °C.: Calcu]ate -(a)-the-surface temperature of
_steel sphere at the end of the first stcp and the time rcquxred for the coolmg process in air and (b) the surface

tempemure of the steel sphere at the end of the second step and the ume requxred for the coolmg process in water

015 —,_.,,0,006 z@ {
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