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10.4. PARAMETRE COZUNURLUGU

10.4.1. Veri Ayrimlilik Dizeyi

Veri gekirdek dizeyinin sutunlari, veri noktalarinin parametrelerden etkilenis bigimini gésterir.
Ornegin, j numarali situnun bireyleri géreceli olarak yeterli sayida yiuksek dederler kapsamakta ise
j numarali parametre duyarh sekilde c¢ézulebilir. Eger, belirli bir situn veya situnlarin sayisal
degerleri kiigiik veya blyik degerli birey sayisi yetersiz ise, veri grubu bu situnlara karsilik gelen
parametreyi ¢ézmek igin kullanilamaz ve ¢6zum igin ek bilgiye gerek vardir.

Asiri tanimli problemlerin ¢é6zim,

6 =(6"6)" 6" (10.4.1)
gosterimi ile

p=G{'d (10.4.2)

seklinde yazilabilir. Burada, G;' dizeyi Lanczos tersini géstermektedir. Hesaplanan parametreler
kullanilarak, verinin kestirilen degerleri (kuramsal veri) hesaplanabilir. izleyen

(10.4.3)
GG =I

kosulunu saglayan, G veri gekirdek dizeyi yardimi ile

(10.4.4)
dkostlrllen -G phesap

yazilabilir. Burada phes® (10.4.2) denkleminden hesaplandigindan, (10.4.4) bagintisinda yerine

konulmasi ile

-1 qolgllen (10.4.5)
dkostlrllen =GGL d

elde edilir. Bu denklem, GG;' carpmin birim dizeye esit olmasi halinde 6lglen ve kestirilen

verilerin birbirine esit olacagini gostermektedir. Bu garpim,

(10.4.6)
Nnxn =anm (Gl-1 )mxn
- : _— ion matrix) adini alir. Boyutu (nxn) dir. N
dizeyi ile gosterilir ve veri aynmlilik dizeyi (data re.s.olutlon' atrix) \sa. aynmbitk_ividic i

SRR i ise, yani_kosegen bir " : P k ve
%laz:ia%ébt_géleri q%ﬁ ig’ie{\myeterli bilgiyi kaPﬁm;iﬁég!,Ekﬁiegia - e&}%ﬁ!%%ﬂﬁ;ﬁiﬁfgzgﬁ?gﬁae
“kosegene yakin birey i “de§erler almakta ise, verinin_parametreic b

“yeterli aynmliig1 saglayamadigi soylenebilr.
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10.4.2. Parametre Ayrimlilik Dizeyi

Ters ¢ézum, élgulen veriden parametere hesaplanmasi olarak tanimlanmistir:

hesap _ (-1 qdiciilen
[ G'd (10.4.10)

Ters ¢éztm tekniginin genel kurali geregi, 6lgllen veri ayn
e oA gi, olc yni zamanda gercek parametrelerden

ddlsaten =G pgen;ek

(10.4.9)
Bu denklem, (10.3.10) denkleminde yerine konur ise
PP =G G peersek (10.4.10)
denklemi elde edilir. izleyen,
Rosm =61}, Gp (10.4.11)

dizeyi (mxm) b_oyut'updadlr ve parametre aynmhilik dizeyi (parameter resolution matrix) olarak
adlandirilir. R dizeyinin R; bireyi, i nci parametrenin hesaplanmasina, j inci parametre tarafindan

yapilan katkiyi temsil eder. Késegen bireylerde i = j ve diger bire  ve j birbiri
. _ ] i ylerde i ve j birbirinden farklidir.
:g:;gg:;:;g blBreylerlr:j sifira yakinli§i, parametrelerin birbirinden badimsiz ¢ozulebileceginin bir
idir. Bu e 2 s .
' _ R . 0zUm __isleminden _elde edilen
arametrelerin modeli temsil ettigi ve batin parametreler tam olarak_¢ézilir. Bu

“dizeyin bireyler irim  di i gerleri g
élgugUdur. ylerinin birim dizeye parametrelerin gergek degerlerine yakinh@inin bir

yakinhgi,
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4.2 The Data Resolution Matrix

Suppose we have found a generalized inverse that in some sense
solves the inverse problem Gm = d, vielding an estimate of the model
parameters m®™ = G™®d (for the sake of simplicity we assume that
there 15 no additive vector). We can then retrospectively ask how well
this estimate of the model parameters fits the data. By plugging our
estimate imto the equation Gm = d we conclude

& = Gm™ = G[G™*d°] = [GG#}d™* = Nd*=  (4.1)

Here the superscmipts obs and pre mean observed and predicted,
respectively. The N NV square matrix N = GG* is called the daa
resolution matrix. This matnx describes how well the predictions
match the data. If N =, then dP™ = d°® and the prediction error 1s
zero. On the other hand, if the data resolution matrix i1s not an identity
matrix, the prediction error 15 nonzero.

If the elements of the data vector d possess a natural ordening, then
the data resolution matrix has a simple interpretation. Consider, for
example, the problem of htting a straight line to (2, &) points, where
the data have been ordered according to the value of the auxiliary
variable z. If N 15 not an identity matrix but 15 close to an dentity
matrix (in the sense that its largest elements are near i1ts main diago-
nal). then the configuration of the matrix sigmfies that averages of
neighboning data can be predicted, whereas individual data cannot.
Consider the ith row of M. If this row contained all zerosexcept for a
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one in the ith column, then &, would be predicted exactly. On the other
hand, suppose that the row contained the elements

[---0 0 O 01 O8 01 0 O O---] (4.2)

where the 0.8 15 in the ith column. Then the ith datum is given by

e = 2 N, do = 0.1d2% + 0.845™ + 0.1dps  (4.3)
J‘.

The predicted value is a weighted average of three neighboring ob-
served data. IF the true data vary slowly with the auxiliary variable,
then such an average might produce an estimate reasonably close to
the observed value.

The rows of the data resolution matrix N describe how well neigh-
boring data can be independently predicted, or resofved. If the data
have a natural ordering, then a graph of the elements of the rows of N
against column indices illuminates the sharpness of the resolution
{(Fig. 4.1). If the graphs have a single sharp maximum centered about
the main diagonal, then the data are well resolved. If the graphs are
very broad, then the data are poorly resolved. Even in cases where
there 15 no natural ordering of the data, the resolution matrix still
shows how much weight each observation has in influencing the
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Fig. 4.1. Plots of selected rows of the data resolution matrix N indicate how well the

data can be predicted. Marrow peaks occurming near the main diagonal of the matrix
{dashed line) indicate that the resclution is good.
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predicted value. There is then no special significance to whether large
off-diagonal elements fall near to or far from the main diagonal.

Because the diagonal elements of the data resolution matrix indicate
how much weight a datum has 1in 1ts own prediction, these diagonal
clements are often singled out and called the importance n of the data
[Ref. 15]):

n = diag{N) (4.4)

The data resolution matrix 15 not a function of the data butonly of the
data kernel G (which embodies the model and experimental geometry)
and any a priori information applied to the problem. It can therefore
be computed and studied without actually performing the experiment
and can be a useful tool in experimental design.

4.3 The Model Resolution Matrix

The data resolution matrix characterizes whether the data can be
independently predicted, or resolved. The same guestion can be asked
about the model parameters. To explore this question we imagine that
there 15 a true, but unknown set of model parameters m™* that solve
Gm'™ = d°*, We then inquire how closely a particular estimate of the
moadel parameters m™ is to this true solution. Plugging the expression
for the observed data Gm'™*= = d*** into the expression for the esti-
mated model m™= = G*do™ gives

ms = GRgohs = G_"[G[I:Iml - [ﬂ—l{;]mtruz = Rm™= (4.5)

[Ref. 20] Here R is the M X M model resolution matrix. IFR = 1, then
cach model parameter 15 uniquely determined. If R s not an identity
matrix, then the estimates of the model parametersare really weighted
averages of the true model parameters. If the model parameters have a
natural ordenng (as they would if they represented a discretized
version of a continuous function), then plots of the rows of the
resolution matrix can be useful in determining to what scale features in
the model can actually be resolved (Fig. 4.2). Like the data resolution
matrix, the model resolution 1s a function of only the data kermel and
the a prion information added to the problem. It 1s therefore indepen-
dent of the actual values of the data and can therefore be another
important tool in experimental design.
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Fig. 4.2. Plots of selected rows of the model resolution matrix R indicate how well the

true model parameters can be resolved. Narrow peaks occurring near the main diagonal
of the matrix (dashed line) indicate that the model s well resolved.




