Mechanical Vibrations

Free vibration of SDOF systems: Review problems




Problem 1

22-1. Aspring is stretched 175 mm by an 8-kg block. If the
block 1s displaced 100 mm downward from its equilibrium
position and given a downward velocity of 1.50m/s,
determine the differential equation which describes the
motion. Assume that positive displacement i1s downward.
Also, determine the position of the block when r = 0.22 s.




+U3F =may;  mg—k(y +y,) =my  wherekyy = mg

y+ —y =0
y+-—y

k 8(9.81)
Hence =, /— Where k = = 44846 N/m
m 0.175
= 44246 = 7487

¥+ (7.487)%y =0 y 4+ 56.1y =0

The solution of the above differential equation is of the form:

y = Asin pt + B cos pi

o

v =7y = Apcospl — Bp sin pt

Atr=0,y=01mandv = v5 = 1.50m/s
From Eq. (1) 0.1 =Asin0 + Bcos0 B=01m

Ans.

(1)

(2)

T- K(Jfgrt)

"1



Problem 2

22-2. A spring has a stiffness of 800 N /m. If a 2-kg block
1s attached to the spring, pushed 50 mm above its equilibrium
position, and released from rest, determine the equation
that describes the block’s motion. Assume that positive
displacement is downward.



k 800
P—\/%—xf?—m

x = Asinpt + Bcos pt
x=—-005m whent =0,
—0.05 =0 + B; B = —0.05
v = Ap cos pl — Bp sin pt

v = Owhent = 0,

0= A(20) — 0; A=10

Thus,

x = —0.05 cos (201)

Ans,



Problem 3

“22-8. A 2-kg block 1s suspended from a spring having a
stiffness of 800 N /m. If the block is given an upward velocity
of 2 m /s when it is displaced downward a distance of 150 mm
from its equilibrium position, determine the equation which
describes the motion. What 1s the amplitude of the motion?
Assume that positive displacement 1s downward.



k 800
P=Nm N2 =%

x = Asin pt + Bcos pt
x = 0130 mwhent = 0,
0.150 = 0 + B; B = 0.150
v = Apcos pt — Bpsin pt
v =—2m/swhent = 0,
—2 = A(20) — 0; A=-01
Thus,

x = 0.1 sin (20t) + 0.150 cos (201) Ans.

C = VAZ + BT = V(0.1)? + (0.150)2 = 0.180 m Ans.




22-10. The uniform rod of mass m is supported by a pin at A
and a spring at B.If B is given a small sideward displacement
and released, determine the natural period of vibration.

Problem 4

Prob. 22-10




SOLUTION

. . . 1 5
Equation of Motion. The mass moment of inertia of the rod about A is [, = 3m I
Referring to the FBD. of the rod, Fig. a,

C+EIMy = Lia; —mg(g sin B) — (kxcos#)(L) = (%mﬁ)a

However; x = L sin 6. Then
—mgL
2

1
sinf — kI2sinBcosd = gmLza

Using the trigonometry identity sin 20 = 2 sin  cos 8,

-mgL KI? . 1
2g sin @ — > sin 28 =§mL2a

Here since # is small sin# = @ and sin 20 = 26. Also & = . Then the above
equation becomes

- 3mg + 6kL9
2mL

. 3mg + 6kL
Comparing to that of the Standard form, &, = T.Then
2 [ 2mL
=" 211'\' —_— Ans.

W, 3mg + 6kL



22-13. Determine the natural period of vibration of the
uniform bar of mass m when 1t 1s displaced downward

slightly and released.
Problem 5
0
kS
=di
| 2 I 2

Prob. 22-13




SOLUTION

Equation of Motion. The mass moment of inertia of the bar about O is I, = M I

Referring to the FBD of the rod, Fig. a,
L |
C+IM, = I —kycosé )= Em.’: @

L .
However, y = Esm #. Then

(r)on(2) -
5 sin Cos 5 = 12!?1 o

Using the trigonometry identity sin 2 = 2 sin @ cos 8, we obtain

1 kI? .
Emﬁa + =5 sin 20=10

Here since @ is small, sin 28 = 20. Also,« = 6 . Then the above equation becomes

7

1 ST 4 by
—MmMIiH +
12 1o 4

8=0

§+Eﬂ=0
m

. [3k
Comparing to that of the Standard form, w, = P Then

2w m
T=—=2r. |— Ans.
Wy \l' 3k



Problem 6

22-15. 'The thin hoop of mass m is supported by a knife-
edge. Determine the natural period of vibration for small
amplitudes of swing.

Prob. 22-15



[

SOLUTION

I(_} = mr

C+ DMy = Ipe; — mgré = (2mr*)f

R -1
H+(2r

2+ mr? = 2mr?

)9=[}

Ans.



Problem 7

*22-16. A block of mass m is suspended from two springs
having a stiffness of k; and k,, arranged a) parallel to each
other, and b) as a series. Determine the equivalent stiffness
of a single spring with the same oscillation characteristics
and the period of oscillation for each case.

22-17. The 15-kg block is suspended from two springs
having different stiffnesses and arranged a) parallel to each
other, and b) as a series. If the natural periods of oscillation
of the parallel system and series system are observed to be
0.5 s and 1.5 s, respectively, determine the spring stiffnesses
ky and k.

(@) (b)
Probs. 22-16/17



SOLUTION

(a) When the springs are arranged in parallel, the equivalent spring stiffness is

qu = k1 + ka2 Ans.

The natural frequency of the system 1s
W — Kfqr _ [k, + k;
" Nm N m

Thus. the period of oscillation of the system is

27 27
- LI W N L Ans.
®,, [ki + K ki + Kk

-\'I L




(b) When the springs are arranged in a series, the equivalent stiffness of the system
can be determined by equating the stretch of both spring systems subjected to

the same load F.

F F F
- _|_ - =
kq K kf.q
1 1 1
JR— _|_ P e —
Kq K2 kf.q
kz + R:I B 1
kik qu
kik;
k, = ————
4k + ks

The natural frequency of the system is

o G
B qu B kl + KI
“n m \'I m

Thus, the period of oscillation of the system is

2qr 2qr m(ky + kz)
T = — = M7 _—
Wy .'( kik- ) kikz
Kg + kl

J

m

Ans.

Ans.



22-19. The slender rod has a mass of 0.2 kg and is
supported at O by a pin and at its end A by two springs,
each having a stiffness k = 4 N/m. The period of vibration
of the rod can be set by fixing the 0.5-kg collar C to the rod
at an appropriate location along its length. If the springs are
originally unstretched when the rod is vertical, determine
the position y of the collar so that the natural period of
vibration becomes 7 = 1 s. Neglect the size of the collar.

Problem 8

Prob. 22-19




SOLUTION

Moment of inertia about O:

Ip = %(0.2)(0.6)2 + 0.5y = 0.024 + 0.5y2

Each spring force F, = kx = 4x.
C+3Mgp = Ipe;  —2(4x)(0.6 cos) — 0.2(9.81)(0.3 sind)
—0.5(9.81)(y sinf) = (0.024 + 0.5y%) 8
—4.8x cosf — (0.5886 + 4.905y) sind = (0.024 + O.Syg)lﬂl

However, for small displacement x = 0.66, sin# ~ § and cosé = 1. Hence
3.4686 + 4905y

+ e —
0.024 + 0.5y7

[3.4686 + 4.905y

From the above differential equation, p = \f 0024 7 0502
. Sy

~ [3.4686 + 4905y
0.024 + 0.5°
19.74y2 — 4.905y — 25211 = 0

y = 0.503 m = 503 mm Ans,

H.ﬁn?




Problem 9

%22-20. A uniform board is supported on two wheels
which rotate in opposite directions at a constant angular
speed. If the coefficient of kinetic friction between the
wheels and board is u, determine the frequency of vibration
of the board if it is displaced slightly, a distance x from the
midpoint between the wheels, and released.

Prob. 22-20



SOLUTION

Freebody Diagram: When the board is being displaced x to the right, the resioring

force is due to the unbalance friction force at A and B |(Fr)p = (Fp)al. m 4
[(Fy )] ¢ -
Equation of Motion:
. e
4y _— . _ — \__-’ “—
C+IMy (Ma) Np(2d) — mg(d + x) =0 o=ty | | Ey=w,
d+x | d-x
_ mg(d + x) Ny A
Np = Y ]
. mg(d + x)
+T}:.Fy=m(ac]_._,: Ny +T—mg=0
_ mg(d — x)
4 24
d — d +
5 SF, = m(ag),: [mg(Zd x)} ,u,[mg(zd x)} = ma
a-+ %gx = (1)

. dx . . . .
Kinematics: Since a = Pk then substitute this value into Eq.(1), we have

i+%€x=0 (2)

From Eq.(2), w,” = 'L;—g, thus, @, =, .'p—(f. Applying Eq. 22-4, we have
o, 1 [pg

=% "N a Ans.



22-23. The 20-kg disk, is pinned at its mass center O and
supports the 4-kg block A. If the belt which passes over the
disk is not allowed to slip at its contacting surface, determine
the natural period of vibration of the system.

Problem 10

k =200 N/m




SOLUTION

Equation of Motion. The mass moment of inertia of the disk about its mass

; 1 1 ;
center O is I, = Emr2 — 5(20)(0.32) = 0.9 kg-m’. When the disk undergoes a

small angular displacement 6, the spring stretches further by s = r6 = 0.36. Thus,

the total stretch is y =y, + 0.36. Then F, = ky = 200(y;, + 0.36). Referring to
the FBD and kinetic diagram of the system, Fig. a,

C+3IMy = S(up)o: 4(9.81)(0.3) — 200(yy + 0.36)(0.3) = 0.90a + 4[(0.3)](0.3)

11.772 — 60y, — 180 = 1.26« (1)
When the system is in equilibrium, # = 0°. Then

C+3IMy=0; 4(9.81)(0.3) — 200(y)(0.3) = 0

60y, = 11.772
Substitute this result into Eq. (1), we obtain

—186 = 1.26a

a + 1428576 = 0
Since @ = #, the above equation becomes
8 + 1428576 = 0

Comparing to that of standard form, w,, = V142857 = 3.779 rad /s.
Thus,

T=—=———=1.6623s = 1.665s Ans.

206-80N
03m

e
41

4(4.80N @

f;-w@‘fﬂﬁ@

L0

5 \ 03m
%

A

¥
Ma,=4. [(X(O-A)J




Problem 11

*22-24. The 10-kg disk is pin connected at its mass center.
Determine the natural period of vibration of the disk if the
springs have sufficient tension in them to prevent the cord

from slipping on the disk as it oscillates. Hint: Assume that
the initial stretch in each spring is 6.

22-25. If the disk in Prob. 22-24 has a mass of 10 kg,

determine the natural frequency of vibration. Hint: Assume
that the initial stretch in each spring is 8.

Probs. 22-24/25



SOLUTION

Equation of Motion. The mass moment of inertia of the disk about its mass center O

. 1 1 :
is I, = EM:'E = E(ll})(ﬂ.lﬁz) = (.1125 kg - m’>. When the disk undergoes a small

angular displacement #, the top spring stretches further but the stretch of the spring
is being reduced both by s = ré = 0.156. Thus, (Fy), = Kx; = 80(8, — 0.158) and

(Fp)y = 80(8; — 0.158). Referring to the FBD of the disk, Fig. a,

10(98)N

._ (}_:,;,)550(6;”499)

O

. (E,), = 80( &y=0/50)

C+3IM, = Lee  —80(8, + 0.158)(0.15) + 80(8, — 0.156)(0.15) = 0.1125a o5m

—3.600 = 0.1125« 03'
a+ 3280 =10 C@)
Since @ = #, this equation becomes
§+320=0
Comparing to that of standard form, @, = \/SErﬂd;’s.T'hen

=2 2T 1107s =141 Ans.

Wy 32



Problem 12

22-27. 1If a block D of negligible size and of mass m is
attached at C, and the bell crank of mass M is given a small
angular displacement of 6, the natural period of oscillation
is 7. When D is removed, the natural period of oscillation is
7. Determine the bell crank’s radius of gyration about its
center of mass, pin B, and the spring’s stiffness k.The spring
is unstrectched at # = 0°, and the motion occurs in the
horizontal plane.

Prob. 22-27



SOLUTION

Equation of Motion: When the bell crank rotates through a small angle #, the spring
stretches s = af. Thus, the force in the spring is F,, = ks = k(a#). The mass

moment of inertia of the bell crank about its mass center Bis I ; = Mkj". Referring
to the free-body diagram of the bell crank shown in Fig. a,

C+XMp = Ipa; —k(ab) cos 8(a) = Mky"0p
6 +——(cos8)f = 0 1
Msc,f( ) )
Since # 1s very small, cos# = 1.Then Eq.(1) becomes
2
6+ g
Mk g~

Since the bell crank rotates about point B, a- = arpe = 6(a). Referring to the free-
body diagram shown in Fig. b,

C+IMy = (Mg —k(ad) cos 8(a) = Mk 8 + m[é(a)|(a)

y ka’
# +———(cosh)g =0 (2)
MEkg + ma*

Again, cos # = 1, since 6 1s very small. Thus, Eq. (2) becomes

. ka®
a8+ ”'—29 =1
MKH‘ + mda




Thus, the natural frequencies of the two oscillations are

| ka®
(@wn)2 = \fm

| kd
(@)1

= |
N Mkg* + ma®

The natural periods of the two oscillations are

2

[Mk
= 2y [ ——
(wp)2 N kd?

T =

z-ﬂ' EIMKBE + mul

Solving,

Ans.

Ans.



22-30. Determine the differential equation of motion of
the 3-kg block when it is displaced slightly and released. The
surface 1s smooth and the springs are originally unstretched.

Problem 13

k=500 N/m k=500 N/m

3kg

Prob. 22-30




SOLUTION

T + V = const.
1.
T=E(3).r2

V= %(sm)xﬂ - %{5{]{]):2

T + V = 1.5%% + 500x°
1.5(2x) ¥ + 1000xx = 0
3% + 1000x =0

X +333x =0

Ans.




22-31. The uniform rod of mass m is supported by a pin at
A and a spring at B. If the end B is given a small downward
displacement and released, determine the natural period of
vibration.

Problem 14

Prob. 22-31




SOLUTION

1/1 .\
T == sm |6 A
2(3’”) e =

1
V = Zh(yeg + 1) — mgy, h

Bl
= 1k(fﬂfq 4 m)ﬂ o mg(l) o 5 ~ S-= (Y,_-c- Ysé ) Ct:pu//’ke_sslu')
2 2 1’ thle s,-vv\q‘e
T +V = ~mlP + lk(tﬂ + 16)* — (E) Y, = £
6" 2 mE\ 3 I &
Time derivative Yo = £ &

1 ... . i
0= Emizﬂﬂ + ki(beg + 0)0 — mgl>
For equilibrium

mg

k(fﬂm) = mgl/2, Heq = E

Thus,

0= %mfﬁ + k6

8 + (3k/m)f = 0

2 m
=—=12m |5 Ans.
T e, ™k




%22-32. 'The semicircular disk has a mass m and radius r,
and 1t rolls without slipping in the semicircular trough.
Determine the natural period of vibration of the disk if it is
displaced slightly and released. Hint: I, = smr>.

Problem 15

o

2

Prob. 22—




SOLUTION

AB = (2r — r)cosd = r cosd, BC = ;—; cosé

AC = rcos ¢ + ;—rcosﬂ, DE =2rd = r(8 + @)
(ra

b =10

AC = r(] - Si) cos @

m

Thus, the change in elevation of G 1s

h=2r—(r—£)—AC=r(l+3i)(1—CDSH)

37 ar

2r

r-(4r/ 375)\‘




Since no slipping occurs,

. 4r
—alr - —
VG (I’ 3-]1-)
I-=In — (ﬁ)z_ l_(i)z 2
¢=lo=M3) = \27\3:/) )™
I 43 1/(1 4 \? 51 2(3 8)-2
T—zmﬂr(l 311‘) +2(2 (3ﬂ_) )m:r —zmr 7 T3 ]

T+ V= lmrz(g — i)éz + mgr(l + i){l — cos 6)

2 2 37 37
0= mrl(% — 3—1){}5 + mgr(l - %)sin 00
sinf = @8
g(l + i)
37
0+ ——0=1

Ans.



22-33. If the 20-kg wheel is displaced a small amount and
released, determine the natural period of vibration. The
radius of gyration of the wheel is k; = 0.36 m. The wheel
rolls without slipping.

Problem 16

Prob. 22-33




SOLUTION

Energy Equation. The mass moment of inertia of the wheel about its mass center
is I; = mkg = 20(0.361)* = 2.592 kg - m’. Since the wheel rolls without slipping,
v = wr = w(0.5). Thus,

1., 1
I'= 51’(;0}‘ + E”MJ%;

= %{2.592)&.-3 + %(20)[*1.-(0-5)]2 (&

= 3.796 w* = 3.7966°
When the disk undergoes a small angular displacement 8, the spring stretches

s = 6(1) = 6, Fig. a. Thus, the elastic potential energy is

1 1 )
V. = ks = S(500)6” = 2506’

Thus, the total energy is

E=T+ V =2379%8% + 2508°



Time Derivative. Taking the time derivative of the above equation,
7.59208 + 50086 = 0
6(7.5926 + 5008) = 0
Since # = 0, then
7.5926 + 5008 = 0
B + 65.85880 = 0
Comparing to that of standard form, w,, = V65.8588 = 8.1153 rad/s. Thus,

2ar B 2T
w, 8.1153

= (0.7742s = 0.774 s Ans.

T:



Problem 17

22-34. Determine the differential equation of motion of
the 3-kg spool. Assume that it does not slip at the surface of
contact as it oscillates. The radius of gyration of the spool
about its center of mass is k=125 mm.

k = 400 N /m _

Prob. 22-34



SOLUTION

. e . 0.3
Kinematics: Since no slipping occurs, s; = (.18 hence sp = 0—150 = 0.36. Also,

'UG - D]_H

E=T+V
E = %[(3)(0.125)2192 + %{3){0.19)2 + %(400}{0.39)2 = const.

= 0.03844¢> + 1867
0.07687506 + 3666 = 0
0.0768756(8 + 468.298) = 0 Since 0.0768758 + 0
0 + 4680 = 0 Ans.




22-35. Determine the natural period of vibration of the
3-kg sphere. Neglect the mass of the rod and the size of
the sphere.

k=500N/m

Problem 18

7ot —

300mm—J—300mm‘-‘

Prob. 22-35




SOLUTION
E=T+V

= %{3}{0.3&)2 + %(SDO}{SH + 0.36) — 3(9.81)(0.38)

E = 8[(3(0.3)% + 500(5, + 0.36)(0.3) — 3(9.81)(0.3)] = 0

By statics, JOE1)N
T(0.3) = 3(9.81)(0.3)

T = 3(9.81) N
~3(981)
£ 500

Thus,
3(0.3)%9 + 500(0.3)%6 = 0
8 + 166.670 = 0
@, = V166.67 = 12.91 rad/s

2ar 2
= m—” = m = 0487 s Ans.

T



Problem 19

“22-36. 1If the lower end of the 6-kg slender rod is
displaced a small amount and released from rest, determine
the natural frequency of vibration. Each spring has a
stiffness of k = 200 N/m and is unstretched when the rod is

hanging vertically.

Prob. 22-36



SOLUTION

Energy Eguation. The mass moment of inertia of the rod about

Iy = %mt’z = %(6)(42) = 32 kg - m’. Thus, the Kinetic energy is
1. o 1. - .
I'=Sh? = 5(32)8* = 1647

with reference to the datum set in Fig. a, the gravitational potential energy is

V, = mgy = 6(9.81)(=2cos #) = —117.72 cos 6

18

When the rod undergoes a small angular displacement # the spring deform

x = 2 sin {). Thus the elastic potential energy is

1, 1 . . 2
V. = Z(Ekx-) = 2{5{20[})(2 sin 9}2} = 800 sin“ @

Thus, the total energy is

E=T+V =160+ 800sin*# — 117.72 cos #

Datum

m

(@)



Time Derivative. Taking the first time derivative of the above equation
3266 + 1600(sin  cos 8)8 + 117.72(sin 8)8 = 0
Using the trigonometry identity sin 26 = 2 sin 8 cos #, we obtain
3266 + 800(sin 26)8 + 117.72(sin 8)8 = 0
(326 + 800sin 26 + 117.72sin §) = 0
Since # = 0,
326 + 800sin 26 + 117.72sin 6) = 0
Since 6 is small, sin 20 = 26 and sin # = #.The above equation becomes
326 + 1717.726 = 0
§ + 53.678756 = 0
Comparing to that of standard form., w, = \/53.67875 = 7.3266 rad/s.
Thus,

_ o, _ 73266

f—zﬂ_ . = 1.1661 Hz = 1.17 Hz

Ans.



22-38. The machine has a mass m and is uniformly
supported by four springs, each having a stiffness k.
Determine the natural period of vertical vibration.

Problem 20

Prob. 22-38




SOLUTION

T + V = const.

T = %m(j}’}z

1 7
V=mgy+ E(dk}{.\s — Vv

TV = 2mGY +mgy + 3 (@As - )

myy+mgy— 4k(As — y)y =0

n:}}+mg+4k_]?—4kﬂ.5=[}

n
Since As = 4—5
Then
my + 4ky =0
y + %{y =10
%
N\

Ans,




22-39. Determine the differential equation of motion of
the 3-kg spool. Assume that it does not slip at the surface of
contact as it oscillates. The radius of gyration of the spool
about its center of mass is k; =125 mm.

Problem 21

Prob. 22-39




SOLUTION

M =3kg
kG = 125 mm

ri = 100 mm

ry = 200 mm

k = 400 N/m

rov=2Mic +r2) 6 + 2k{(ro + )

M(kG?' + r,-2)0" + k(ro + r;)2¢9 =0 Dy = M( . 2)

o'+ w,,2€ =) where (0,,2 = 468 rad /s’ Ans.




Problem 22

#22-40. The slender rod has a mass m and is pinned at its
end O. When it is vertical, the springs are unstretched.
Determine the natural period of vibration.

Prob. 22-40



SOLUTION

T+ V= %Bm(zfzﬂé? + %k(zea}i + %k{ea)l + mga(1l — cos )

0= Emazﬂ 0 + 4ka’06 + ka’08 + mga sin 68

sinfd =@

%mazﬁ + 5ka*0 + mgad = 0

Datum

. 15ka + 3
H + ( a mg) 8=10 mg
dma

268u

Pl

Ans.

-T:

27 4w { ma )
®, /3\5ka + mg?






